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ABSTRACT: We study a family of classical strings on R x S2 subspace of the AdS5 x S°
background that interpolates between pulsating strings and single-spike strings. They are
obtained from the helical strings of hep-th/0609026 by interchanging worldsheet time and
space coordinates, which maps rotating/spinning string states with large spins to oscillating
states with large winding numbers. From a finite-gap perspective, this transformation is
realised as an interchange of quasi-momentum and quasi-energy defined for the algebraic
curve. The gauge theory duals are also discussed, and are identified with operators in the
non-holomorphic sector of N' = 4 super Yang-Mills. They can be viewed as excited states
above the “antiferromagnetic” state, which is “as far from BPS as possible” in the spin-

chain spectrum. Furthermore, we investigate helical strings on AdS3 x S! in an appendix.
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1. Introduction

The AdS/CFT correspondence [l claims the type IIB string theory on AdSs x S° is a
dual description of the four-dimensional, N' = 4 super Yang-Mills (SYM) theory. One
of the predictions of the AdS/CFT is the exact matching of the spectra on both sides,
namely the conformal dimensions of SYM operators with the energies of string states. In
the large -V limit, these charges are supposed to be interpolated by some function of the 't
Hooft coupling A\, but the strong/weak nature of the AdS/CFT usually prevents us from
direct comparison of the spectra.

Nevertheless, there has been considerable progress in matching the spectra recently,
based on the integrable structures of both theories. They are captured by Bethe ansatz
equations, which were was first applied to the gauge theory side in the pioneering work
of []. Despite the fact that we are lacking the knowledge of perturbative computations
for higher loop orders in A even for rather simple rank-one sectors, an all-order asymptotic



Bethe ansatz equation was proposed by assuming all-order integrability as well as making
use of some sophisticated guesses [J—[]. There has been increasing evidence and positive
support for the conjectured Bethe ansatz equation [[j—[[J], and significant progress has been
achieved in formulating the exact AdS/CFT Bethe ansatz equation valid for all regions of
A

Many tests of the AdS/CFT conjecture in the large-N limit have taken place in the
limit where a U(1)g -charge J; and conformal dimensions A of the SYM operators become
very large. The BMN limit [[4] is one such well-established limit. This limit is defined by
sending \ to infinity while keeping N = A\/J? fixed, where J = .J; +number of “impurities”.

In [, a different large-spin limit was considered to serve as a new playground for
the AdS/CFT. In this limit, both J; and A go to infinity while the difference A — .J;
and the coupling A are kept finite. The worldsheet quantum corrections drop out in this
limit, which simplifies the comparison of both spectra considerably. Giant magnons are
string solutions living in this sector, which have an infinite spin along one of great circles
of 8. They are open objects, and the angular difference between the two endpoints on
the equator, which is equal to the localized worldsheet momentum, is identified with the
momentum of an excitation in the asymptotic SYM spin-chain.

Giant magnons were generalized to the two-spin case in [1f] which carry an additional
(finite) second spin Jy, and are know as dyonic giant magnons. In static gauge, the string
equations of motion are essentially those of a bosonic O(4) sigma model supplemented
by the Virasoro constraints, which is classically equivalent to the Complex sine-Gordon
(CsG) system. Thus by using the Pohlmeyer-Lund-Regge (PLR) reduction procedure, the
dyonic giant magnon can be constructed as the counterpart of a kink soliton solution of
the CsG equation. In this connection, an “elementary” giant magnon of [[[§] corresponds
to a kink soliton of the sine-Gordon (sG) equation. The SYM dual of the dyonic giant
magnon is a magnon boundstate in the asymptotic spin-chain [[], [[§], where the number
of constituent magnons corresponds to the second spin Js of the string. It was shown that,
in the large-A limit, the conjectured AdS/CFT S-matrix for boundstates precisely agree
with the semiclassical S-matrix for scattering of dyonic giant magnons under an appropriate
choice of gauge [[d]. For further literature on giant magnons, see [22, RS, 9] (See also [R9 -
R7)). The idea of exploiting the relation between the classical CsG system and the O(4)
string sigma model was further utilized to construct more general classical strings, which
are called helical strings [2§]. They are the most general “elliptic” classical string solutions
on R x S3 that interpolate between two-spin folded /circular strings [B(] and dyonic giant
magnons.

In the algebro-geometric approach to the string equations of motion, these classi-
cal string solutions were studied as finite-gap solutions. This line of approach stemmed
from the work [BI], and has provided many important implications and applications in
testing/formulating the conjectured AdS/CFT S-matrix, including the quantum correc-
tion [BZ, BJ). In this formalism, every string solution is characterized by a spectral curve
endowed with an Abelian integral called quasimomentum. Recently helical strings were
also reconstructed in this framework [B4] (see also [BH]). It enabled us, in particular, to
understand how folded /circular strings and dyonic giant magnons interpolate from the



standpoint of algebraic curves.

In this paper, we investigate classical strings on an R x S3 subspace of AdSs x S°
with large winding numbers, rather than large spins. The recently found single-spike
solution of [Bf, B also falls into this category. In conformal gauge, they are obtained by
performing a transformation 7 < o of large spin states, i.e., interchanging worldsheet time
and space of coordinates. Throughout this paper, we will refer to this transformation as
the “7 < ¢ transformation”, or just “2D transformation”. This kind of “2D duality” is
well-known in the context of rotating strings and pulsating string solutions, both of which
are characterized by the same special Neumann-Rosochatius integrable system [B, B9.
For example, if we write the embedding coordinates of S® C R? as j =ri(1,0) eii (1:0)
(j = 1,2) with sigma model constraint 25:1 |£j|2 = 1, the rotating strings are obtained
from the ansatz r; = r;j(o) and ¢; = w;T + (o) with w; playing the role of angular
velocities, while pulsating strings follow from the ansatz r; = r;(7) and ¢; = m;o + (1)
with m; now representing the integer winding numbers. It is reminiscent of T-duality
that the angular momenta (spins) and winding numbers are interchanged, however, one
should also take notice that not only the angular part ¢; but also the radial part r; are

transformed in our case. To summarize, there are two consequences of this 7 <> ¢ map:
e Large spin states become large winding states.
e Rotating/spinning states become oscillating states.

We will see these features for the case of 2D-transformed helical strings, and see how
they interpolate between particular pulsating strings (7 < o transformed folded/circular
strings) and the single-spike strings (7 < ¢ transformed dyonic giant magnons).

It will be also shown that the two classes of string solutions — rotating/spinning with
large-spins on the one hand, and oscillating strings with large windings on the other —
correspond to two equivalence classes of representations of a generic algebraic curve with
two cuts. The 7 «+» ¢ operation turns out to correspond to rearranging the configuration of
cuts with respect to two singular points on the real axis of the spectral parameter plane.’

Concerning the string/spin-chain correspondence of AdS/CFT, we will claim that the
dual operators of large-winding oscillating strings are only found in a non-holomorphic
sector. Such a non-holomorphic sector has been much less explored than the holomorphic,
large-spin sectors, because of its intractability mainly related with the non-closedness,
or difficulty of perturbative computations. Nevertheless, since our results, together with
the previous works [R§, B4], secem to complete the whole catalog of classical, elliptic
strings on R x S3, we hope they could shed more light not only on holomorphic but
also non-holomorphic sectors of the string/spin-chain duality, for a deeper understanding
of AdS/CFT. As a first step, in section [, we will identify the gauge theory duals of the
2D transformed strings.

This paper is organized as follows. In section B, we briefly review the reduction of
classical strings on R x S3 to the CsG system, and see the relation between helical strings

! An alternative description of 7 < o operation is to swap the definition of quasi-momentum and so-called
quasi-energy. We will make this point clear later in section E



of and their 2D transformed version from the CsG point of view. In section ], we study
2D transformed versions of the type (i) and type (ii) strings. These new helical strings are
interpreted as finite-gap solutions in section fl. In section [, we discuss the gauge theory
interpretation of the 2D transformed helical strings, and interpret them as excitations
above the “antiferromagnetic” state of the SO(6) spin-chain. section f] is devoted to a
summary and discussions. In appendix[4, we present similar helical solutions on AdSs xS L
Some computational details useful in discussing the infinite-winding limit can be found in

appendix B.
2. 2D-transforming classical strings on R x S3

We start with a brief review on how classical strings on R x S2 are related to CsG system
via the Pohlmeyer-Lund-Regge (PLR) reduction procedure [i(f], by summarizing the facts

in [2§).2 Then we see how the 7 <+ o operation acts on the map.
Let us write the metric on R x S2 as

dsg, g8 = —dny + |d&1|* + |déa| | (2.1)

Here 7 is the AdS time, and the complex coordinates §; (j = 1,2) are defined by the
embedding coordinates Xpr—1 .. 4 of S3 C R* as

& = X1 +iXo = cosf et and £y = X5+ iX4 =sinf 2. (2.2)

We set the radius of S? to unity so that Z?\/[:l X2 = 25:1 |£j|2 = 1. The Polyakov action
for a string which stays at the center of the AdSs and rotating on S® takes the form,

Ses = =D [ar [ L Lo [aamam + 0.6 0] w208 -0}, @

where we used the AdS/CFT relation o/ = 1/v/A, and A is a Lagrange multiplier. We
take the standard conformal gauge, v77 = —1, 797 = 1 and 777 = 477 = 0. Denoting
the energy-momentum tensor which follows from the action (R.3) as 7, the Virasoro

constraints are imposed as

1 1 1 - 1 -
0=Toe =Tr = —5 (0r1m0)% — 3 (95m0)* + 3 061 + 3 |05€]7,
(2.4)
and 0=7, =7, =Re (875- (905*) .
The equations of motion that follow from (2.3) are
0a0"n0 =0 and 0,0 + (0,6 0°€")E =10, (2.5)

It is well-known that the O(4) (resp. O(3)) string sigma model in conformal gauge
is classically equivalent to Complex sine-Gordon (resp. sine-Gordon) model with Virasoro
constraints [IJ] (see also [&]]). The CsG system is defined by the Lagrangian

01" 04
Losg = ———— + Y™ . 2.6
1= (26)

2The notation used in this section basically follows from [@]




The equation of motion (Complex sine-Gordon equation) which follows from (.6) is

(0
1—y*y
The PLR reduction relates the potential term aaé' . 8‘15—; with a solution of CsG equation
1 =sin (¢/2) exp (ix/2), as

0a0%Y +° v(1—9*Y)=0. (2.7)

aaE- 8“5* = cos @, (2.8)

and for each ¢, one can obtain a consistent classical string solution by solving a Schrédinger
type differential equation under appropriate boundary conditions.® For example, let us
consider a kink soliton solution of CsG equation,

COS v

t = i, S 2.9
vl ) cosh(z, cos a) exp (itvsina) (29)
where (t,,,) are Lorentz-boosted coordinates
t—vx T — vt
t, = Ty = (2.10)

V1—02’ V1—02

Plugging (£.9) into (2.§), and imposing the boundary condition
& —exp (it £ Ap1/2), & —0, (as x — +o00), (2.11)

one reaches a dyonic giant magnon [[Lf]. In this case, the angular difference of two endpoints
of the string Ay, is determined through the CsG kink parameters o and v .

We are interested in how the 2D transformation acts on the dictionary. Let us first
look at the string equations of motion (R.5) and the Virasoro constraints (B.4). In view that
they are invariant under the 7 <+~ o flip, any string solution is mapped to another solution
under this map. On closer inspection of the Virasoro constraints (B.4), one actually finds
that the 7 < o operation can be applied independently to the R C AdSs and S? C S°
parts. We will use this observation to generate new string solutions from known solutions
on R x S3, by transforming only the S3 part while retaining the gauge ¢t o< 7. In order
to satisfy other consistency conditions such as closedness of the string, one needs to care
about the periodicity in the new o direction (that used to be the 7 direction before the
flip).

Before discussing the CsG counterparts of such 7« o transformed string solutions,
it would be useful to review some relevant aspects of the (C)sG « string correspondence
before the transformation. A good starting point is the single-spin helical string constructed
in [2§]. It is a family of classical string on Rx S 2 that interpolates between a folded /circular
string of [iJ] and a giant magnon. From the standpoint of sG theory, the helical string
corresponds to the following helical wave (“kink-train”) solution of sG equation,

¢(t, ) = 2 arcsin [cn ((w - zH_ fo) kﬂ . (2.12)

30One can also trace back the PLR reduction procedure to obtain CsG solutions from classical string
solutions.




via the PLR procedure. The single-spin helical string thus has two controllable parameters
derived from the sG soliton (R.19) ; one is the soliton velocity v and the other is the elliptic
moduli parameter k& that controls the period of the kink-array. In the k& — 1 limit, it
reduces to an array of giant magnons, while as v — 0, it reduces to a folded /circular string
of [[7.

Actually there is another periodic solution of sG equation, namely a periodic instanton.
Generally, one can interpret a static, finite energy classical solution of sG theory in (1+41)-
dimensions as a finite action Euclidean solution in (1 + 0)-dimension that interpolates
between different vacua of the theory. Such a sG instanton solution is known in the
literature (see, e.g., [A3]) and is given by

H(t') = 2arcsin [cn (t, ; fo , k)} . (2.13)

Here ' = it is the Euclidean time. One can see that a static kink soliton of sG equation
~0%¢p = sing (set v = 0 in (R.13)) is related to the instanton (P.13) of the Euclidean
sG equation 93¢ = —Bf,(ﬁ = sin ¢ by a formal translation z < t' (i.e., space-like motion
turns into “time-like” motion), which amounts to swapping worldsheet variables 7 < o .
Starting from the instanton solution (R.13), and boosting it by a parameter v, we obtain
a one parameter family of sG solutions of the form

(t',2) = 2 arcsin [Cn (“l - tgz/ziiv;_ o). kﬂ (2.14)

with (¢, 2") = (it,ix), which is related to the sG helical wave (2.12) by 7 < o .
Via the PLR map, each periodic instanton corresponds to a point-like segment, or

“string-bit”, and an infinite series of such periodic sG instantons (R.13) arrayed in the
o-direction make up the corresponding classical string. Note that for the boosted instan-
ton (R.14)), v no longer represents a velocity, rather it should be viewed as a parameter that
controls the difference between time-origins ¢, for each bits. A pulsating string corresponds
to the v = 0 case, when the timing of the pulsation of each string-bits is perfectly right.
When the pulsation timing of the bits is off in a coherent manner, a symmetric “spike”
comes into being, reflecting the staggered motions of bits.* In the limit k¥ — 1, the oscil-
lation period of each bit becomes infinite, and the bits stay in the vicinity of the equator
for an infinite amount of time, except during a short sudden jump away from the equator
— this is one way to interpret the single-spin single-spike string of [Bf] from the sG point
of view.?

We have just discussed the way to realise the oscillating solutions resulting from a
T > ¢ transformation in terms of a collection of sG instantons. We gave this interpretation

4The situation is much the same as the case of familiar transverse waves, where oscillation in the medium
takes place in a perpendicular direction to its own motion. This direction of motion corresponds to, in our
case, the circumferential direction along the equator of the sphere.

5As is noticed in @], for sG case, it is also possible to argue that the T < ¢ transformation results in
the change of sG kink soliton from ¢ = 2arcsin (1/ coshz,) to ¢ = 2arcsin (tanh z,). However, it seems
this interpretation cannot be directly applied to CsG case.



because it is very intuitive. Actually one cannot generalise this argument to the CsG case
directly, since in this case the argument requires x to be imaginary. So for the CsG case, it
would be convenient instead to interpret the effect of the 7 «» o operation as flipping the
sign of the “mass” term in the Lagrangian as

0 O L 0
g TV "

In this way one can easily understand how one solution of CsG is related to another via

V).

Losag =

the 7 <> o transformation (keeping ¢ and x real).

Notice also, as in the soliton cases, that there are two classes of “boosted” instantons
possible; the first is an instanton that oscillates about one of the barriers of the periodic
potential with fixed finite oscillation range, while the other no longer oscillates back and
forth but goes on from one barrier to the neighboring one. A similar kind of distinction
exists for what we call type (7)" and type (i7)" strings.

3. Helical oscillating strings

We are now in a position to discuss the 2D transformed helical strings. We first study the
type (i)’ case in the following section B.I]. The results on the type (ii)’ solutions will be
collected in section B.9.

3.1 Type (i)’ helical strings

For the reader’s convenience, let us display the profile of the two-spin helical string obtained

in 2§,

o = al +bX, (3.1)

ri ©0(0)  O1(X —iw) . .
e =C Z X +iuT), 3.2
= oo oux) P (Bl X HiuT) 2

i ©0(0)  O3(X —iws) . .
5 & =C Z X +iugT), 3.3
2 \/E®2(Zw2) @O(X) €xp ( 2(“‘02) U2 > ( )

where wi and woy are real parameters, k is the elliptic modulus, and C' is the normalization
constant given by

dn?(iwy) 9 12
= (SR2) a2 . 4
¢ <l<:2 cn2(iws) S (Wl)> (3.4)
The coordinates (T, X) are defined by

T — 0 o—uvT

T= Vi X = Nirh (7,0) = (ut, po) (3.5)

5Throughout this paper, we often omit the elliptic moduli k from expressions of elliptic functions. For
example, we will often write ©,(z) or K instead of ©,(z, k) or K(k) .




with p constant. Starting from (B.1)-(B.3), by swapping 7 and ¢ in &(7,0) (i = 1,2) while
keeping the relation ng(7,0) = aT + bX as it is, one obtains the 2D-transformed version of
the type (i) two-spin helical strings, which we call type (i)’ helical strings,

o @0(0) @1(T - iwl) . .

&= VEOu(ior)  Oo(T) exp (Zo(zwl)T + zulX) , (3.6)
o @0(0) @3(T - iWQ) . .

@ = VEkOs(iws)  O0(T) P (ZQ(WQ)T " WQX) . (37)

The Virasoro constraints (P.4) fix the parameters a and b in (B.1]),

a® + 0% = k* — 2k?sn?(iw;) — U + 2u3, (3.8)
1 — k% sn(iws) dn(iws)
k2 cn? (iws) '

ab=—iC? (ul sn(iwy) en(iwy) dn(iwr) — ug (3.9)

We can adjust the parameter v such that the AdS time is proportional to the worldsheet
time variable, namely 1y = v/a? — b> 7 with v = b/a < 1. The PLR reduction relation (P.§)
becomes

2

1

2 > (!5051‘!2 - ’37&\2) =k +2k*sn*(T) + U, (3.10)
=1

which imposes the following constraints among the parameters

(1 — k?) sn?(iws) .

2 2 2
=U+ dn"(iw =U —
Uy + (iw1), Uus on2(icon)

(3.11)

We are interested in closed string solutions, which means we need to consider the periodicity
conditions. The period in o -direction is defined such that it leaves the theta functions
in (B.J) and (B-]) invariant, namely it is given by

KvI_ o2
—t<o<d, K:T”, (v>0). (3.12)

Then, closedness of the string requires

or 2KV/1 — 02

Ao=— = , (3.13)
n v
2N
Apy = TN _og (ﬂ —i—z’Zo(z'wl)) + (20 + ), (3.14)
n v
2w N
Ay = T2 _ 9K (@ + iZQ(iwg)) +onhm, (3.15)
n v
where n = 1,2,... counts the number of periods in 0 < o < 27, and Nj o are the wind-

ing numbers in ¢ o-directions respectively. The integers n’172 specify the ranges of wi 2
respectively (the shifts w; — w; + 2K’ correspond to n, — n) + 1).
The energy E = (vA/m) & and spins J; = (VA/7) J; (i = 1,2) of the string with n

periods are obtained from the usual definitions

nt 1 nt
&= do 0:no , Ji = 3 / do Im (& 0:&;) , (3.16)
ey —nt



Figure 1: Type (i)’ helical string (k = 0.68,n = 6), projected onto S?. The figure shows a single-
spin case (ugz = wy = 0). The (red) circle indicates the § = 0 line (referred to as the “equator” in
the main text).

which yield in the present case,

EZMK:MK, (3.17)
nC%u ik?
T = Ckz ! [E - (dnﬂ(ml) + %sn(iwﬂcn(iwﬂdn(iwﬁ) K] : (3.18)
~ nC?%uy B 9 n2(iws) i sn(iwg) dn(iws)
J2 = k2 [ E-(1-#) (cn2( jwy)  wvug  cnd(iws) > K] ' (3:19)

It is meaningful to compare the above expressions with the ones for the original type (7)

helical strings of [2g],
n(a?® — b?)

EME =na(l-v*)K= — K, (3.20)
nC?u ivk?
T = (;;2 1 [ E + <dn (iwr) + u]f sn(iwy) en(iwy) dn(iw1)> K} , (3.21)
orig  nC%uy 9 (iw2) iv sn(iws) dn(iws)
T — > [E + (1 —k%) <cn2( D w (i) > K} . (3.22)

If we regard £ and J; as functions of v = b/a, the global charges of the transformed solu-
tions are related to the original ones by £(a,b) = —£°78(b,a) and J;(v) = jomg( 1/v).
Similar relations are also true for the winding numbers given in (B.14) and (B.19),
N;(v) = —Niorig(—l/v) (1 =1,2). They are just a consequence of the symmetry a < b the
Virasoro constraints possess. For example, if (a,b) = (ag, by) solves (B.§) and (B.9), then
(a,b) = (bg,ap) gives another solution.

Notice that in the limit v — 0 (w12 — 0), all the winding numbers in (B.13)-(B.19)
become divergent (and so ill-defined), due to the fact that the § defined in (R.9) becomes
independent of o. Therefore, in this limiting case, we may choose p arbitrarily without
the need of solving (B.13), provided that N; and Ny are both integers.

The type (i)’ helical strings contains both pulsating strings and single-spike strings in
particular limits.



wi,2 — 0 limit: pulsating strings. Let us first consider the wyo — 0 limit. In this
limit, the boosted coordinates (B.§) reduce to (T, X) — (7,5), and (B.1), (B.6)-(B.7) be-

come

no=/k2+ud7, & =ksn(f, k)™, & = dn(F, k) e (3.23)

with the constraint u? —u3 = 1. Since the radial direction is independent of o, we may
treat u as a free parameter satisfying N1 = pu; and No = puo . Then the conserved charges
for a period become

Ezwk\/N12+<%—1>N22, Ji=F=0. (3.24)
Left of figure B shows the time evolution of the type (i) pulsating string. It stays above
the equator, and sweeps back and forth between the pole (6 = %) and the turning latitude
determined by k.

When we set ug = 0, this string becomes identical to the simplest pulsating solution
studied in [#4] (the zero-rotation limit of rotating and pulsating strings studied in [, tg]).”

k — 1 limit: single-spike strings. When the moduli parameter k goes to unity, type
(i)’ helical string becomes an array of single-spike strings studied in [Bf, B7j]. Dependence
on wy drops out in this limit, so we write w instead wy. The Virasoro constraints can be
explicitly solved by setting a = w1 and b = tanw . The profile of the string then becomes

/ _ sinh(T' — iw) 4 cos(w)
— 1 2 _ ttan(w)T+iug X _ iug X ) 9
o TuaT, & cosh(T) € ’ & cosh(T) € (3.25)

with the constraint uf — u3 = 1 + tan?w.® The conserved charges are computed as

2 _ tan?
£ = <w> K(l) , J1=u coszw, J2 = us C082w7 (3-26)
tan w

where K(1) is a divergent constant. For n = 1 case (single spike), the expressions (B.24)

Ji =1/ T3¢+ cos?w, ie, Ji=14/J3+ % cos?w. (3.27)

Since the winding number Ay, also diverges as k — 1, this limit can be referred to

result in

as the “infinite winding” limit,? which can be viewed as the 2D-transformed version of the
infinite spin limit of [[§]. By examining the periodicity condition carefully, one finds that

"The type (i) pulsating solution studied here and also the type (i7)’ pulsating string discussed later are
qualitatively different solutions from the so called “rotating pulsating string” [@], so that the finite-gap
interpretation and the gauge theory interpretation of type (i)’ and (i)’ are also different from those of [@]

8Here u1,2 and w are related to v used in [@] (see their eq. (6.23)) by u; = m and up = 281

9Notice, however, that the string wraps very close to the equator but touches it only once every period
(every “cusp”).

,10,



(o)
9,
o
O

~
)
72\
O
Y
W

100000 0y (0w
\
O

N
0
N

4

\
3
0 a0y Q00 Q0 Qe Qe

i
Y
N

Figure 2: In the wy s — 0 limit, type () (Left figure) and type (i7)" (Right figure) helical strings
reduce to different types of pulsating strings. Their behaviors are different in that the type ()’
sweeps back and forth only in the top hemisphere with turning latitude controlled by the elliptic
modulus, while the type (ii)’ pulsates on the entire sphere, see section B.3. For the type (ii)’ case,
we only showed half of the oscillation period (for the other half, it sweeps back from the south pole
to the north pole).

both of the divergences come from the same factor K(k)|, ;. Using the formula (B.§),
one can deduce that

e By

2 2

:_<w_w> —4. (3.28)

k—1

Using the  variable introduced above, which is the same definition as used in [Bg], one can
see (B.27) precisely reproduces the relation between spins obtained in [B6].
Let us comment on a subtly about v — 0 (or equivalently w — 0) limit of a single

spike string. It is easy to see the profile of single-spike solution (B.2§) with w = 0 agrees
with that of pulsating string solution (B.23) with & = 1, however, due to a singular nature

— 11 —



Figure 3: The k — 1 limit of type (¢)" helical string: single-spike string (w = 0.78). The figure
shows the single-spin case (ug = ws = 0).

of the v — 0 limit, the angular momenta of both solutions (B.27) and (B.24) do not agree
if we just naively take the limits on both sides.

k — 0 limit: rational circular (static) strings. Another interesting limit is to send
k to zero, where elliptic functions reduce to rational functions. The Virasoro conditions
become

a? +b* = u3 +tanh’wy and ab = +uytanhw, (3.29)

where us = VU + tanh®w. This can be solved by a = ug and b = tanhw (assuming
U > 0). The profile is given by

no = VU7, & =0, £y = VU7 (3.30)

This is an unstable string that has no spins and just wraps around one of the great circles,
and can be viewed as the 7 < ¢ transformed version of a point-like, BPS string with
E — (J1 + J2) = 0. The conserved charges for one period reduce to

E=mNU, T1=05=0. (3.31)

The winding number for the @o-direction becomes Ny = /U , so the energy can also be
written as

E = NyV\. (3.32)

This result will be suggestive when we discuss gauge theory later in section [}, since it
predicts that the canonical dimension of SYM dual operator, which should be the SO(6)
singlet state, is also given by (integer) X VA in this limit. Note also that in the limit
/U — 00, the profile (B-30) agrees with the w = 7/2 case of the single-spike string after
the interchange &1 < £ . We will refer to this fact in the gauge theory discussion.

ug, wy — 0: single-spin limit. A single-spin type (i) helical string is obtained by
setting us = wy = 0, which results in Jy = Ny = 0.10 In view of (), the condition

107t turns out the other single-spin limit %1 ,w; — 0, which gives J; = 0, does not result in real solutions
for this type (7)" case.
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uy = wy = 0 requires U = 0, u; = dn(iw) and C = vk/dn(iw), and the Virasoro
constraints (B.§) and (B.g) are solved by setting a = ken(iw), b = —iksn(iw) and v =
—i sn(iw)/ cen(iw) . Periodicity conditions then become

2 2iK 2w N
n usn(iw) n
2w N jw) dn (@
App = T ok (M + Zo(z'w)> +(2n) + 1), (3.34)
n sn(iw)
and the conserved charges for one period are
ik 1
=——K =—|E-(1-%)K =0. ,
£ sn(iw) =’ J kdn(iw) { ( ) } ’ J2 =0 (3.35)

3.2 Type (i7)" helical strings

!/

The type (i7)" solution can be obtained from the type (i)' solutions, either by shifting

wy +— wa + K’ or by transforming k to 1/k. The profile is given by!!

o = aT + bX , (3.36)
c o 69(0)  O1(T —iw) . .
& = C\/E@o(iwl) Oo(T) exp (Zo(zwl)T + zulX) , (3.37)
s A @0(0) GQ(T—ZCUQ) . .
& = C\/E@g(i(x)g) 60(T) exp (Zg(zwg)T + zuzX) , (3.38)
where C is the normalization constant,
2. -1/2
¢ = (M = sn2(iw1)> . (3.39)
dn®(iws9)
The equations of motion force u; and wuy to satisfy
1—k?
ut = U + dn®(iwy), u? :U+d27,, (3.40)
n”(iw9)

and the Virasoro conditions impose the following constraints between parameters @ and l;,
a2+ b = k2 —2k?sn’(iwy) — U + 2u2, (3.41)
) . (3.42)

sn(iws) cn(iws)
dn? (iws)

ab =—iC? <u1 sn(iwy) cn(iwy) dn(iwr) 4 ug (1 — k2)

(
As in the type (i)' case, we can set 7o = Va2 — b2 7 with & = b/a < 1. The periodicity
conditions for the type (ii)" solutions become

2 2KV -2

ANo=—=———, (3.43)
m op
2n M U
Apr = T _ 9K (71 + iZO(iw1)> +(@2m)+1)r, (3.44)
2m M. U Y
Apy = 72 _ 9K <§ + ZZ3(2w2)> + (2my+ 1), (3.45)

"We use a hat to indicate type (i)’ variables.
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Figure 4: Type (i7) helical string (k¥ = 0.40,m = 8). The figure shows a single-spin case
(UQ = Wy = 0) .

where m = 1,2,... counts the number of periods in 0 < ¢ < 27, and M; » are the winding
numbers in the ¢; o-directions respectively, and m'L2 are integers. The conserved charges

are given by

a2 2 _ 32
gomall=v) e nle®—b) o (3.46)
v b
. mC?uy 9. ik? . . ;
J1=—5— |E— | dn”(iw1) + — sn(iwy) en(iwr) dn(iwy) | K| | (3.47)
k vuy
. mC?uy 9 1 ik? sn(iwo) cn(iw2)> ]
- —_E+(1-— - K| . 4
Iz k2 [ -k <dn2(iw2) dug  dn®(iwy) (8.48)

Just as in the type (i) < (i)’ case, the winding numbers and the conserved charges of
the original type (ii) and (ii)’ are related by &(a,b) = —£&(b,a), J;(0) = —jiorig(—l/f))
and M;(0) = —M"8(=1/0).

As in the type (i)’ case, we can take various limits.

w1,2 — O limit: pulsating strings. The profiles (B.36)-(B.3§) reduce to

ﬁO =\ 1+ ’U,% T, él = Sn(%7 k) eiUIé ) 52 = Cn(%7 k) eiUQ& ’ (349)

with constraint u? — u3 = k%. The conserved charges for a period become

8:%\/M12+(/<:2—1)M22, Ji =T =0. (3.50)

Right of figure f] shows the time evolution of the type (i) pulsating string. Again, when
we set uo = 0, this string reduces to the simplest pulsating solution studied in [@]

k — 1 limit: single-spike strings. This limit results in essentially the same solution
as the type (i) case, that is an array of single-spike strings. The only difference is that
while in the type (i)' case every cusp appears in the same side about the equator, say the
northern hemisphere, in the type (ii)’ case cusps appear in both the northern and southern
hemispheres in turn, each after an infinite winding.
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k — 0 limit: rational circular strings. In the & — 0 limit, the profile becomes
fo=\a2—b27, & =C sin(T —iw)e™X | & =C cos(T —iwp) ™%, (3.51)

with C' = (Cosh2 wy + sinh? wl)_1/2 and u? = u3 = U + 1. Virasoro constraints imply the
following set of relations between the parameters @ and b (with a > IA))

A’ + b =—U+2u3, (3.52)
ab =C*U+1 (sinh wy cosh wy F sinhws coshwy) . (3.53)

Here F reflects the sign ambiguity in the angular momenta. The periodicity conditions
become

Ao=—"="Y""07 (3.54)
m op
2 M
Apy =L = T (o) 4+ 1), (3.55)
m v
2w M.
Apy = e :ﬂ—zm—l—(Qm'Q—{—l)W. (3.56)
m v

. ma(1— 02 . C? . C?
gZQ’ jlzﬂ- — sinh wy cosh wy jQZ—WA
P 2% 20

sinh wy cosh wy .

(3.57)

ug ,wg — 0: single-spin limit. As in the type (i)’ case, we obtain the type (i)’ helical
strings with Jo = My = 0 by setting us = wy = 0.2 Then we find U = —1 + k?, u; =

ken(iw) and C = 1/ cn(iw) . The Virasoro conditions require & = dn(iw), b = —iksn(iw)
and 0 = —iksn(iw)/dn(iw). The periodicity conditions become
2 21K 27 M.
Ao= T = 2y, (3.58)
m pksn(iw) m

— + Zo(iw)> + (2my +1) 7, (3.59)

sn(iw)

and the conserved charges for a single period are given by

5 ] A 1 N
5:7.K, \71:7.]37 \72:0- (3-60)
ksn(iw) kcn(iw)
2For the type (ii)’ case, the other single-spin limit u1 = wi = 0 results in U = —1, u3 = -1+ (1 —

k?)/dn®(iws) and C = dn(iws2)/cn(iw2). It turns out equivalent to the wi 2 — 0 limit, because us must
be real, and thus the second condition implies wa = 0.
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4. Finite-gap interpretation

The helical strings (B.9), (B.3) of B were shown in [B4] to be equivalent to the most
general elliptic (“two-cut”) finite-gap solution on R x S3 C AdSs x S°, with both cuts
intersecting the real axis within the interval (—1,1) (see figure ] (a)). The aim of this
section is to present the corresponding finite-gap description of the 7 «<» ¢ transformed
helical string (B.§), (B.7) obtained in the previous section.

Recall first from [B4] that the (o, 7)-dependence of the general finite-gap solution enters
solely through the differential form

dQ(o,T) = % (odp + 1dq) , (4.1)

where dp and dq are the differentials of the quasi-momentum and quasi-energy defined
below by their respective asymptotics near the points x = +1. The differential multiplying
o in dQ(o,7) (namely dp) is related to the eigenvalues of the monodromy matrix, which
by definition is the parallel transporter along a closed loop o € [0,27] on the worldsheet.
This is because the Baker-Akhiezer vector ¥ (P, o,7), whose (o, 7)-dependence also enters
solely through the differential form dQ(o, 7) in ([L1), satisfies [BH]

P
Y(P, o+ 271, 7) = exp {z/ dp} P(P,o,7).

e ¢}

Now it is clear from ([.]) that the o < 7 operation can be realised on the general finite-gap

solution by simply interchanging the quasi-momentum with the quasi-energy,
dp « dgq. (4.2)

However, since we wish dp to always denote the differential related to the eigenvalues of
the monodromy matrix, by the above argument it must always appear as the coefficient of
o in dQ(a, 7). Therefore equation () should be interpreted as saying that the respective
definitions of the differentials dp and dq are interchanged, but dQ(o,7) always takes the
same form as in ([L.1)).

Before proceeding let us recall the precise definitions of these differentials dp and dgq .
Consider an algebraic curve 3, which admits a hyperelliptic representation with cuts. For
what follows it will be important to specify the position of the different cuts relative to
the points © = %1, i.e., figures [ (a) and f| (b) are to be distinguished for the purpose of
defining dp and dq . We could make this distinction by specifying an equivalence relation on
representations of ¥ in terms of cuts, where two representations are equivalent if the cuts
of one can be deformed into the cuts of the other within C\ {£1}. It is straightforward
to see that there are only two such equivalence classes for a general algebraic curve X .
For example, in the case of an elliptic curve X the representatives of these two equivalence
classes are given in figures | (a) and [ (b). Now with respect to a given equivalence class
of cuts, the differentials dp and dg can be uniquely defined on ¥ as in [Bg by the following
conditions:

e their A-period vanishes.
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X1 X1

x2 x2

Figure 5: Different possible arrangements of cuts relative to x = £1: (a) corresponds to the
helical string, (b) corresponds to the 7 < o transformed helical string.

e their respective poles at x = +1 are of the following form, up to a trivial overall
change of sign (see [B4]),

dx wrdx
dp(zE) ~ AT dp(zE) ~ Flr 4.
pat) ~ Fogm 6~ Fo e (43)
i TRdx i Trdx
~ 0 ~ S 4.4

where ¥ € ¥ denotes the pair of points above x, with z being on the physical
sheet, and z~ on the other sheet.!3

Once the differentials dp and dq have been defined by ({.J) and (4) with respect to a
given equivalence class of cuts, one can move the cuts around into the other equivalence
class (by crossing say x = —1 with a single cut) to obtain a representation of dp and dq
with respect to the other equivalence class of cuts. So for instance, if we define dp and dg
by (£3) and (E4) with respect to the equivalence class of cuts in figure | (a), then with
respect to the equivalence class of cuts in figure fj (b) the definition of dp will now be ([.4)
and that of dg will now be ([£.3).

In summary, both equivalence classes of cuts represents the very same algebraic curve
31, but each equivalence class gives rise to a different definition of dp and dq. So the two
equivalence classes of cuts give rise to two separate finite-gap solutions but which can be
related by a 7 < o transformation ({.2). Indeed, if in the construction of [B4] we assume
the generic configuration of cuts given in figure [ (b), instead of figure f] (a) as was assumed
in [B4], then the resulting solution is the generic helical string but with

X <« T

namely the 2D transformed helical string (B.§), (B.7). Therefore, with dp and dgq defined
as above by their respective asymptotics ([.3) and (f£4) at @ = =£1, the helical string

13They should not be confused with AdS/CFT spectral parameters (E)
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of [BY, B4 is the general finite-gap solution corresponding to the class represented by
figure [ (a), whereas the 2D transformed helical string corresponds to the most general
elliptic finite-gap solution on R x S with cuts in the other class represented in figure [
(b).

As is clear from the above, a given finite-gap solution is not associated with a particular
equivalence class of cuts; since dp and dq are defined relative to an equivalence class of cuts,
one can freely change equivalence class provided one also changes the definitions of dp and
dq with respect to this new equivalence class according to ([L.3), so that in the end dp and
dq define the same differentials on ¥ in either representation. For example, we can describe
the 2D transformed helical string in two different ways: either we take the configuration of
cuts in figure § (b) with dp and dq defined as usual by their asymptotics ([.3) and ([£4) at
x = 41, or we take the configuration of cuts in figure [J (a) but need to swap the definitions
of dp and dg in (£.3) and (.4). In the following we will use the latter description of figure
(a) in order to take the singular limit & — 1 where the cuts merge into a pair of singular
points.

We can obtain expressions for the global charges J; = (Jr, + Jgr)/2, Jo = (JL — Jr)/2
along the same lines as in [B4] for the helical string. In terms of the differential form

O o

a= =
4 T
we can write
J1 = —Resp+a + Res o+ = Resg+ & + Res o+ &, (4.6)
Jo = —Resp+a — Res+a .

Note that o and @ both have simple poles at x = 0, oo but & also has simple poles at x = £1
coming from the double poles in dp at z = £1. It follows that we can rewrite ([.4), ([£.7)
as

J=— Z 9 / & — Res (+1) +Ta— Res( 1)+oz (4.8)

1
_ 4.
" 22//4“ (49

where Ay is the A-cycle around the I-th cut. Whereas in [B4] the residues of & at = +1
were of the same sign (as a consequence of p(x) having equal residues at z = +1) so that
their sum gave the energy F of the string, in the present 2D-transformed helical case the
residues of & at = £1 are now opposite (since p(x) now has opposite residues at x = +1)
and therefore cancel in the above expression for J; , resulting in the following expressions

2 2
1 1
—h=S"—1a 5H=—1 a. 4.10
! ;m/AIO" 2 ;m/AIO‘ (4.10)
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Figure 6: Definitions of cycles.
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Figure 7: k — 1 limit of cuts.

In parallel to the discussion of the helical string case in [B4], there are two types
of limits one can consider: the symmetric cut limit (where the curve acquires the extra
symmetry  «<» —x) which corresponds to taking wy 2 — 0 in the finite-gap solution, or the
singular curve limit which corresponds to taking the moduli of the curve to one, k — 1. In
the symmetric cut limit the discussion is identical to that in [B4] (when working with the
configuration of cuts in figure f] (a)), in particular there are two possibilities corresponding
to the type (i)’ and type (i7)’ cases, for which the cuts are symmetric with 1 = —Z5 and
imaginary with 1 = —Z1, #2 = — 2 respectively (see figure 2 of [B4]).

In the singular limit & — 1 where both cuts merge into a pair of singular points at

x = x1, 71 [B4], the sum of A-cycles turns into a sum of cycles around the points z1, 71 ,
so that ([E10) yields in this limit
—J1 = Resy, & + Res,, &, Ja = Resy, a + Resg, . (4.11)

Moreover, in the singular limit dp acquires simple poles at * = x1, 1 so that the periodicity
condition about the B-cycle, fB dp = 2mn , implies

Resz, dp = ﬁ .
7
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Let us set n = 1 (n can be easily recovered at any moment). Then ([.11]) simplifies to

=B 2)-(o-2)
J2=Z—§'<x1+%> — <E1+%>‘ (4.13)

The energy E = VAk = (nv/A/7) € diverges in the singular limit & — 1, but this diver-
gence can be related to the one in Ag;. In the present case the o-periodicity condition
[z dp € 27Z can be written as (c.f., equation (2.23) in [B4])

, (4.12)

v n Ny/Y+y—

where K = K(k), y+ = y(@)|z=41 > 0, y(x) = (v — z1)(x — Z1)(x — z2)(x — T2) and v

can be expressed in the present setup as v = ZI;Z: (see [B4]). Using this o-periodicity

condition the energy can be expressed in the £ — 1 limit as

2KV1—v? 27, 2mk|w) — To|
- =k =E—— =

£=21 - K(Q).
v
We can relate this divergent expression with the expression (B.14) for Ag; which also
diverge in the limit & — 1, making use of the relation ujv = tanw; (see [B4] where the

notation is u; = v_ and w; = p_), and find

A on’ +1 _
_%:_GAI_W) =0. (4.14)

Comparing this scenario with the one for helical strings in [B4] we can write an expression
for  in terms of the spectral data x; of the singular curve. Identifying

= —% In (%) , (4.15)
the expressions (fE13), (E13) and ({15) together imply the relation!

A
—J1 =/ J? + S sin? 4. (4.16)

5. Gauge theory duals

In view of the pulsating (oscillating) nature of the 7 <> o transformed helical strings we saw
in the previous sections, the gauge theory operators dual to those classical strings should
be made up not only of holomorphic but also of non-holomorphic scalars. In this section
we discuss the gauge theory interpretation of 2D transformed strings, which includes a
single-spike string and a static circular string.

The sign difference between () and here is not essential.
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First let us review some relevant aspects of the SU(2) magnon boundstates. Let Z or
W be two of the three complex scalar fields of N'=4 SYM (the third one will be denoted
Y'). Then operators in the SU(2) sector take the forms O = Tr (®;,P;,...) +... with each
®;, (l=1,...,L) being either Z or W . The BPS operator Tr (ZZ ...) made up only of Z
is the ferromagnetic ground state for the SYM spin-chain. In [[[f], it is shown that dyonic
giant magnons are dual to magnon boundstates Opgm ~ Tr (Z KywM ) + ... in the SYM
spin-chain (K — oo, M: finite), whose dispersion relation is given by

P VA
Aopen — \/M2 + 16¢2 sin <—> ) 9= (5.1)

This agrees with the energy-spin relation for a dyonic giant magnon under the identifi-

cations J; = K (— oo) and J, = M. Here P = Zj]‘/ilpj is the sum of the momenta
pj (j = 1,...,M) of the constituent magnons. They satisfy the following boundstate
condition,

z~(pj) = 27 (pj+1) for j=1,...,M, (5.2)

where 27 (p) are the standard AdS/CFT spectral parameters, defined by

zE(u) =z <u + é) where z(u) = % <u +Vu?— 4) , (5.3)

and u = u(p) is the rapidity variable,

u(p) = %cot (g) \/1 + 1692 sin? <g> . (5.4)

Now let us turn to the present oscillating case. First we discuss the two-spin single-

spike string case. As we have seen, in contrast to the dyonic giant magnon, it has finite
spins J; (i = 1,2) and infinite energy. This fact allows us to claim that the relevant dual
SYM operators should look like

Oss = Tr (ZKZK’ WMS@*K*K’*MW) Y., LK. K —o00, K—K' M :fnite.
(5.5)
In (5.5), the factor S appearing in (5.5) is the SO(6) -singlet composite!®

S~ZZ+WW+YY. (5.6)

One can easily understand that the pairs like ZZ give rise to oscillating motion in the sting
side, since if we associate Z to a particle rotating along a great circle of S® clockwise, the
other particle associated with Z rotates counterclockwise, thus making the string connect-
ing these two points non-rigid and oscillating. The dots in (5.§) denotes terms that mix

5The SO(6) sector is not closed beyond one-loop level in )\, and operator mixing occurs in the full
PSU(2,2|4) sector due to the higher-loop effects. So one might think S should be a PSU(2,2|4) singlet
rather than an SO(6) singlet. However, we can still expect that such mixing into PSU (2, 2|4) is suppressed
in our classical (L — o) setup as in [@] We would like to thank J. Minahan for discussing this point.
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under renormalization. An important assumption is that M Ws form a boundstate. In-
deed loop-effects mix ZZ with other neutral combinations W and YY | but it is assumed
the boundstate condition still holds. Let X* be the spectral parameters assigned to the
boundstate. We write them as

M + /M? + 1692 sin® (P/2)
4¢gsin (P/2)

Xt = RetP? with R= (>1), (5.7)

where P is the momentum carried by the boundstate. Recall that we took Tr (ZZ...) as
the vacuum state, therefore W is an excitation above the vacuum with Ag — J; = 1,16
whereas Z is an excitation with Ay — J; = 2.7 The composite S also contributes to the
spin-chain energy in some way, and we must take all the contributions into account when
evaluating the total energy Aoy, — J1 of (5.§). We assume that the contribution of M Ws
results in two parts; one is the boundstate energy that contributes in the same way as in
the case of an SU(2) boundstate Opgm ~ Tr (ZEWM) + ... (K — 00), and the other is

its interactions with other fields. One can then write down the total energy as

Aoy — (K — K') = % [<X+ - %) — (X‘ - %)] +y. (5.8)

The first term in r.h.s. comes from the boundstate W™ | while the last y accounts for
contributions concerning S, Z and all their interactions with other fields, including W's.
Currently we have no knowledge of how the actual form of x looks like, and so we leave it
as some function of the coupling and boundstate momentum here (however, we will later
discuss its form in the strong coupling, infinite-winding limit). One can also express the
Jo -charge carried by the boundstate in terms of the spectral parameters as

T e

Now perform a change of basis for the spin-chain, and take Tr (77. . ) as the vacuum
state, instead of Tr (ZZ...). This particular transformation of susy multiplet, namely the

charge conjugation, maps the original WM to W™ with new spectral parameters
Xt =1/Xx*. (5.10)

This is actually a crossing transformation that maps a usual particle to its conjugate
particle (antiparticle) [[f]. In the new basis, Ws, Zs and S = S play the role of excitations
above the new vacuum. The contribution of § to the new vacuum should be the same as
in the old case since it is an SO(6) singlet, and we assume the total contributions from all
excitations to be the same as in the old case. Then one obtains a relation similar to (f.§),

Aoy — (K' — K) = % Kfﬁ - %) - <)~(— - %)] +x, (5.11)

16We follow a convention such that a Z field has Ag — J1 = 0, where Ao denotes the bare dimension.
"In fact, Z is not a fundamental excitation. We should regard it as an excitation corresponding to a
two-magnon state.
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and similarly for the second charge. From (b.§)-(p.11]), it follows that

P
Apss =x  and \/ZM2 + 1692 sin? (—) . (5.12)
Then if we identify naturally
K-K=J;, M=Jy, and P=2rm+20 (me€Z; 0<0<7/2), (5.13)

the second relation in (F.1J) precisely reproduces the dispersion relation for single-spike
strings, after substituting g> = /1672 . Here we included an integer degree of freedom m
that plays the role of the winding number in the string theory side. One can also deduce

that
Jo R*-1

Ji o R2+1C
which corresponds to sin~ in the notation used in [B]. In (5.13), one may choose either

(5.14)

the plus/minus signs in P; they correspond to the momenta of a particle/antiparticle.
Notice also the above argument, resulting in

(e () e
(o) (). o

is consistent with what we found in the previous section, (.13) and (f.13), if we, as usual,
identify the string theory spectral parameters x1 and z; (in finite-gap language) with the

—J =

.|

Jo =

<. |Q

ones for gauge theory X+ and X~ (for the boundstate).
To proceed in the reasoning, suppose the asymptotic behavior of x in the strong
coupling and infinite- “winding” limit becomes

XNQgP:m\/Xig, (m — o). (5.17)
T

We kept here £6 /7 term to ensure that  is not just given by (integer) x v/ but contains
some continuous shift away from that. We will give more explanations concerning this
conjecture soon. The relation (b.17) then implies that

B 2

AOSS — % -2mm = 0 (518)

where we used the identifications we made before. This can be compared to the string
theory result for the single-spike, (B.2§). The integer m here corresponds to the winding
number N; there (recall that for single spike case, we had Ap; = 27 N; due to the pe-
riodicity condition). When there are n boundstates in the spin-chain all with the same
momentum P, r.h.s. of (F.1§) is just multiplied by n and modified to n(v/A/7) 8, which
corresponds to an array of n single-spikes.

Let us explain the conjecture (f.17) in greater detail. Of course one of the motivations
is that it reproduces the relation (5.1§) of the string side, as we have just seen. Further

,23,



evidence can be found by considering particular sets of operators contained in (p.§) and
checking for consistency. For example, let us consider the limit K — K’ — 0 and M — 0.
This takes the operator (F.§) to the form Tr ((Z?)KSL/Q_K) + ..., which must sum up
to the singlet operator TrSL/2 for it to be a solution of the Bethe ansatz equation. In
this limit, the “angle” @ should vanish in view of the second equation in (§.13) and (5-19).
Therefore the relation (p.17) together with the first equation in (5.13) imply that the
canonical dimension of the singlet operator is just given by

Apsre|, . =mVX,  (m— o), (5.19)

which agrees with the energy expression (B.33) of the 7 «» o transformed point-like BPS
string (in the limit uv/U — o), under the identification Ny = m..

As we have seen, in contrast to the dyonic giant magnon vs. magnon bound state
Opcm ~ Tr (Z oy M ) +... case, the correspondence between two-spin single-spike vs. Ogg
given in (p.J) is slightly more involved. In the former correspondence in the infinite spin
sector, the magnon boundstate is an excitation above the BPS vacuum O ~ Tr (Z*°), and
one can think of the boundstate W™ as the counterpart of the corresponding dyonic giant
magnon. For the latter case in the infinite winding sector, however, it is not the boundstate
WM alone but the “ZK ZK'wM 4+ » part of Ogg that encodes the single-spike. It can
be viewed as an excitation above the SO(6) singlet operator Oap ~ TrSH/2. Actually
this is the “antiferromagnetic” state of the SO(6) spin-chain, which is “as far from BPS as
possible” (Notice that a solution of the Bethe ansatz equation with J; = Jo = J3 = 0 is
nothing but the SO(6) singlet state). It is dual to the rational circular static string (B.3()
obtained by performing a 7 <+ ¢ transformation on the point-like BPS string.

6. Summary and discussions

In the previous works [P§, B4], three of the current authors constructed the most general
elliptic (“two-cut”) classical string solutions on R x S3 C AdSs x S°, called helical strings.
They were shown to include various strings studied in the large-spin sector. Schematically,
the family tree reads

- Point-like (BPS tati tri k—0
Type (7) helical string oint-like (BPS), rotating string (k — 0)

I: X . - Array of dyonic giant magnons (k — 1)
with generic k£ and w9 . . .
’ - Elliptic, spinning folded string  (wq,2 — 0)
Type (ii) helical string - Rational, spin.ning circular string (k — 0)
II: - Array of dyonic giant magnons (k — 1)

with generic k£ and w
& 1,2 - Elliptic, spinning circular string (wj2 — 0)

Moreover, the single-spin limit of the type (i) helical strings agrees with so-called “spiky
strings” studied in [B3, .18

8The two-spin helical strings are different from the spiky strings in that they have no singular points in

spacetime. When embedded in R x S®, the singular “cusps” of the spiky string that apparently existed on
R x S? are all smoothed out to result in non-spiky profiles.
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For Cases I and II, the gauge theory duals are also well-known. They are all of the
form

O~ Tr(ZFMWwMy+. ., (6.1)

with L very large. For example, for the type (i) case, a BPS string (k — 0) of course
corresponds to M = 0, and a BMN string corresponds to M very small. A dyonic gi-
ant magnon corresponds to an M-magnon boundstate in the asymptotic SYM spin-chain
(L — o00), which is described by a straight Bethe string in rapidity plane [q, [9]. In the
Bethe string, all M roots are equally spaced in the imaginary direction, reflecting the pole
condition of the asymptotic S-matrix. As to the elliptic folded/circular strings, they corre-
spond to, respectively, the so-called double-contour/imaginary-root distributions of Bethe
roots [[g].

In contrast, in the current paper, we explored non-holomorphic sector of classical
strings on R x $2, and found a new interpolation. This includes a large-winding sector
where m+v/A becomes of the same order as the energy which diverges (m being the winding
number). We saw that when classical strings on R x S3 C AdS5 x S° are considered
in conformal gauge, an operation of interchanging 7 and o, as well as keeping temporal
gauge t o< 7, maps the original helical strings to another type of helical strings. Roughly
speaking, rotating/spinning solutions with large spins became oscillating solution with

large windings. Again, schematically, we found:

Type (i) helical string - Rational, static circular string (k —0)

| . ) - Array of single-spike strings (k—1) ,
with generic k£ and wq o . ) . .
’ - Elliptic, type (i)’ pulsating string (w2 — 0)
. . . - Rational circular string (k—0)
T " helical st
I : ype (i1)" helical string - Array of single-spike strings (k—1)

with generic & and w2 - Elliptic, type (ii)" pulsating string (w12 — 0)

In section [], we investigated 2D-transformed helical strings from the finite-gap per-
spective. We were able to understand the effect of the 7 «<» ¢ operation as an interchange
of quasi-momentum and quasi-energy. The transformed helical strings were described as
general two-cut finite-gap solutions as in the original case [B4], the only difference being the
asymptotic behaviors of differentials at * — +1 (or equivalently, different configurations
of cuts with respect to interval (—1,1)). By expressing the charges in terms of spectral
parameters (branch-points of the cuts), the charge relations for single spikes were also
reproduced.

In section f], the gauge theory duals of the 7 «» o transformed strings (derivatives of
type (7)" and (i)’ helical strings) were identified with operators of the form

O~ Tr <ZK ZK' wM S(L—K—K’—M>/2) T (6.2)
with S the SO(6) singlet composite (5.6). The single-spike limit & — 1 was identified with

the K, K' — oo limit while keeping K — K’ and M finite (see (5.5)). In this limit, the
«zK ZK'WM L 7 part in the operator, of which W™ is assumed to form a boundstate,
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was claimed to be responsible for the transverse excitation (spikes) of the string state
winding infinitely many times around a great circle of S°. In other words, the spikes are
dual to excitations above the “antiferromagnetic” state Tr S&/2. This “antiferromagnetic”
state is the singlet state of the SO(6) spin-chain, and located “as far from BPS as possible”
in the spin-chain spectrum. These features can be compared to that of magnons in the
large spin sector (impurity above BPS vacuum) corresponding to the transverse excitations
of the point-like string orbiting around a great circle of S°.

It would be interesting to check the prediction (f.17) directly by using the conjectured
AdS/CFT Bethe ansatz equation. In the SU(2) sector where the number of operators is
finite, the nature of the antiferromagnetic state is better understood [[id], and the upper
bound on the energy is known [5(] (see also [FI]). It is proportional to v/X, which is the
same behavior as our conjecture (f.17). Recall that we argued the SO(6) singlet state
was dual to a large winding string state with zero-spins, (B.30). If the prediction (5.17)
is correct, then we should be able to reproduce it by the SO(6) Bethe ansatz equation
approach. An approach similar to [pJ] would be useful. In this case, the “spiky magnon”
part “ZK ZK' WM 7 could be understood as (macroscopic number of) “holes” made in
the continuous mode numbers associated with the SO(6) singlet Bethe root configuration.!?
The SO(6) singlet state was also studied in [FJ], where an integral equation for the Bethe
root density was derived. It would be interesting to study it at strong coupling and compare
it with our results.?’

Since the 7 < ¢ transformed string solutions discussed in this paper are periodic clas-
sical solutions, one can define corresponding action variables, namely the oscillation num-
bers. By imposing the Bohr-Sommerfeld quantization condition, one obtains integer valued
action variables, which from lesson of the large spin sector [[[f] we can again expect to cor-
respond to filling fractions defined for the SO(6) spin-chain. It would be interesting to
understand this correspondence from the finite-gap perspective along the lines of [BY, (.

It would be also interesting to compare the spectra of AdS/CFT near the SO(6) “an-
tiferromagnetic” vacuum by an effective sigma model approach (without any apparent use
of integrability) [f4]. In the SU(2) case, a similar approach was taken in [51], where a
continuum limit of the half-filled Hubbard chain was compared to an effective action for
“slow-moving” strings with J; = Jy. In our case, some Hubbard-like model with SO(6)
symmetry would give clues.

We hope to revisit these issues in other publications in the near future.

Note added After the submission of the first version of our paper to arXiv.org 0709.4033
[hep-th] for publication, we learned that the paper 0709.4231 [hep-th] [@] appeared,
in which single-spike strings are generalized to three-spin cases. We thank N. P. Bobev
and R. C. Rashkov for correspondence.

9Tn the weak coupling regime, the SO(6) singlet Bethe root configuration and excitations above it were

studied in [E, @, @]

20We thank M. Staudacher for pointing this out to us.
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A. Helical strings on AdS; x S?

This appendix is devoted to helical string solutions in the SL(2) sector. The construction
almost parallels that in [§], however, non-compactness of the AdS space lead to new
non-trivial features compared to the sphere case.

A.1 Classical strings on AdS; x S' and complex sinh-Gordon model

A string theory on AdS3 x S! C AdSs x S° spacetime is described by an O(2,2) x O(2)
sigma model. Let us denote the coordinates of the embedding space as 1y, n1 (for AdSs)
and & (for S') and set the radii of AdS3 and S! both to unity,

e oo 2 2 2
7= =l +mlP=-1, &l =1. (A.1)
In the standard polar coordinates, the embedding coordinates are expressed as
no = coshpet, n =sinhpel®, & =¢'¥t, (A.2)

and all the charges of the string states are defined as Nother charges associated with shifts
of the angular variables. The bosonic Polyakov action for the string on AdS3 x S! is given
by

5= o [y @ - oy + 306" 046) + A (7 7+1) + A (65 -6 1))

Cdr
(A.3)
and we take the same conformal gauge as in the R x S? case. From the action ([A.J) we
get the equations of motion

0a0% — (Oar™ - 0N =0, 0,061 + (0ay - 0%61) &1 =0, (A4)

and Virasoro constraints

5ab . . .
0= 7-00 = ,Z;"T = 7 (8(177 : 8b77 + 8(151 ' abfl) ) (A5)
0=Tro = Tor = Re (8,77 - Ol + 0,1 - DpEl) . (A.6)
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The PLR reduction procedure, which we made use of in obtaining the O(4) sigma
model solutions from Complex sine-Gordon solution, also works for the current case in
much the same way. The O(2,2) sigma model in conformal gauge is now related to what
we call Complex sinh-Gordon (CshG) model, which is defined by the Lagrangian

0P 0ap
T+y*y

with ¢ = ¢ (7, 0) being a complex field. It can be viewed as a natural generalization of the

+ UMY, (A7)

ﬁCshG

well-known sinh-Gordon model in the sense we describe below. By defining two real fields
« and § of the CshG model through ¢ = sinh (a/2) exp(i3/2), the Lagrangian (A7) is
rewritten as

1 h?(a/2
Lome = 7 (Gac)” + w (0af)” + sinh®(er/2) . (A8)
The equations of motion that follow from the Lagrangian are
£ 09 0t
90, 1+* ) =0, A9
V=0 Tty Y (L) (A.9)
8990 — M (920)? — sinha = 0,
. 2 cosh”(a/2)
ie., (A.10)
020, + 2220 0B _ ¢
sinh «

We refer to the coupled equations ([A.1() as Complex sinh-Gordon (CshG) equations. If 3
is a constant field, the first equation in (JA.10) reduces to

0,0%a —sinha =0, (A.11)

which is the ordinary sinh-Gordon equation. As readers familiar with the PLR reduc-
tion can easily imagine, it is this field o that gets into a self-consistent potential in the
Schrodinger equation this time. Namely, we can write the string equations of motion given
in (A.4) as

0,07 — (cosha) 7 =0, cosha = 9,77 - 9%7, (A.12)

with the same field « we introduced as the real part of the CshG field 1. What this means
is that if {77,£} is a consistent string solution which satisfies Virasoro conditions ([A.H))
and ([A.f), then v = sinh («/2) exp(i3/2) defined via (A.13) and (A.16) solves the CshG
equations.

The derivation of this fact parallels the usual PLR reduction procedure. Let us define

+

worldsheet light-cone coordinates as 0™ = 7+ ¢, and the embedding coordinates as 1y =

Yo+1Y; and 71 = Y7 +iY2. Then consider the equations of motion of the O(2,2) nonlinear
sigma model through the constraints

Y. ¥V =-1, (0,Y)’=-1, (0_Y)’=-1, 0,Y-0_Y =—cosha, (A.13)

where Y - Y = (Y)2 = —(Yp)2 4+ (Y1)% + (Y2)2 — (V5)2. A basis of O(2,2)-covariant vectors
can be given by Y;, 9.Y;, 0_Y; and K; = eijlej&rYka,Yl. By defining a pair of scalar
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functions v and v as

K 93y K-9%Y
= —T— = — A.l4
“ sinha ' v sinha ( )
the equations of motion of the O(2,2) sigma model are recast in the form
U v 0y uO0_«
_ inh = _u = = . Al
0-Oratsinha+ sinh o 0 O-u sinha’ Oy sinh o (A.15)

One can easily confirm that this set of equations is equivalent to the pair of equations (A.10)
of CshG theory, under the identifications

u = (94 0) tanh% . v=—(0_p) tanh% . (A.16)

Thus there is a (classical) equivalence between the O(2,2) sigma model < CshG as in
the O(4) < CsG case. Making use of the equivalence, one can construct classical string
solutions on AdSs x S! by the following recipe:

1. Find a solution 9 of CshG equation ([A.9).

2. Identify cosh a = 0,17* - 9%17, where « appears in the real part of the solution v, and
n are the embedding coordinates of the corresponding string solution in AdSs .

3. Solve the “Schrédinger equation” (A.1) together with the Virasoro constraints ([A.5)
and ([A.6), under appropriate boundary conditions.

4. Resulting set of 77 (“wavefunction”) and &; gives the corresponding string profile in
Ang x S 1 .

Let us start with step 1. From the similarities between the CshG equation and the
CsG equation, it is easy to find helical-wave solutions of the CshG equation. Here we give
two such solutions that will be important later. The first one is given by

_p.cnlery) ; 2 2.2
Yeq = ke dn(cz) exp (z\/(l + ) (1 + k2c?) tv> , (A.17)
and the second one is
_ . dn(exy) - 2.2 2 _ 1202
s = ¢ sn(czy) exp <z\/(1 kE2c?)(1 + ¢ — k2c?) tv) . (A.18)

By substituting the solution ([A.1§) into the string equations of motion ([A.13), we obtain

2 - .

under the identification of (u7, uo) = (ct,cx). The “eigenenergy” U can be treated as a
free parameter as was the case in [R§]. Different choices of helical-waves of CshG equation
simply correspond to taking different ranges of U .

We are now at the stage of constructing the corresponding string solution by following
the steps 2-4 listed before. However, we do not need to do this literally. Since the metrics
of AdS3 x S*

ds? gg, x5t = — cosh?pdi® + dp® + sinh®p dg; + gy, (A.20)
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and of R x S3
dsy . g3 = —dt* + dv? + cos®y dp? + sin®y dy3 (A.21)

are related by analytic continuation

ﬁ e 2’75 7?(_) @1, ¢1 — P2, le — 1 — dsidSP,XSl > _ds]%%XSP’ y (A22)

string solutions on both manifolds are related by a sort of analytic continuation of global
coordinates. Therefore, the simplest way to obtain helical string solutions on AdS3 x S*
is to perform analytic continuation of helical string solutions on R x S3, as will be done
in the following sections. Large parts of the calculation parallel the R x S3 case. The
most significant difference lies in the constraints imposed on the solution of the equations
of motion, such as the periodicity conditions.

A.2 Helical strings on AdS3; x S' with two spins

In this section, we consider the analytic continuation of helical strings on R x S3 to those
on AdSs x S'. Among various possible solutions, we will concentrate on two particular
examples that have clear connections with known string solutions of interest to us. The
first example, called type (zii) helical string, is a helical generalization of the folded string
solution on AdS3 x S [5d). The second one, called type (iv), reproduces the SL(2) “giant
magnon” solution [B1], B9 in the infinite-spin limit.

A.2.1 Type (iii) helical strings

In [B7), it was pointed out that (S, .J) folded strings can be obtained from (Ji,.J>) folded
strings by analytic continuation of the elliptic modulus squared, from k? > 0 to k2 < 0.
Here we apply the same analytic continuation to type (i) helical strings to obtain solutions
on AdSs x S', which we call type (iii) strings. For notational simplicity, it is useful to
introduce a new moduli parameter g through the relation

-~
<

iq

k .
2

(A.23)

Q\

1—-g¢q

If k is located on the upper half of the imaginary axis, i.e., k = ix with 0 < k, then g is a
real parameter in the interval [0,1].

As shown in appendix [B, the transformation (A.23) can be regarded as a T-
transformation of the modulus 7. Hence, by performing a T-transformation on the profile
of type (i) helical strings (B.1)-(B-3), we obtain type (iii) string solutions:

. C 63(0) @o(X — i) - K e
N7Vl esiog) 0(X) (ZQ( 0)X + OT) : (A.24)
_ C 03(0) @1(X — i) - L
m Vi@ O3(io1) 03(X) exp (Z3(Zw1)X + ity T) ’ (A.25)
&1 = exp (z‘dT + Z’Bf() 7 (A.26)
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Figure 8: Type (iii) helical string (¢ = 0.700, U = 12.0, @9 = —0.505, &1 = 0.776, n = 6),
projected onto AdSs spanned by (Reni,Imn, |no|). The circle represents a unit circle || = 1 at
Mo = 0.

where we rescaled various parameters as

X = X/q, T = T/q, 0 = wj/q', a=aq, b= bq Uj = ujq'. (A.27)
We choose the constant C so that they satisfy |no]* — |m|? = 1. One such possibility is to
choose?!

B 1 sn? (i) —1/2
¢= <q2 en? (i) " dn2(id)1)> ' (A.28)

With the help of various formulae on elliptic functions, one can check that 7
in (A.24), (A.25) certainly solves the string equations of motion as

sn? | - o~
[—3% +0% +¢° (2(1 —¢") 15(X0) - 1)] i = U7, (A.29)
if the parameters are related as

1—q2

~2 ind
)
i dn®(icn)

(A.30)
As is clear from ([A.29), the type (i7i) solution is related to the helical-wave solution of
the CshG equation given in (A17). The Virasoro constraints (A-§) and ([A.§) impose
constraints on @ and b in ([A.24):??

. S 20-¢)
2., 72_ _ 2 77 2
a-+b"=—-q¢" -U enZ(iwg) + 247, (A.31)
_= , U jwo)dn(iwg) . sn(iwy) cn(iwn)
b —ic? (o snlivo) . A.32
@ ! <q2 cn3 (iwp) i dn3(iwy) ( )

*'Tn contrast to the R x S* case, the r.h.s. of (JA.2§) is not always real for arbitrary real values of &y and
@ . If C? < 0, we have to interchange 1o and 71 to obtain a solution properly normalized on AdSs.

22Note that the Virasoro constraints require neither @ > b nor a < b. This means that both & =
exp (idof + 250)2) and exp (zgof + ido)Z') are consistent string solutions. It can be viewed as the 7 < o
transformation applied only to the S* C S® part while leaving the AdS3 part intact.
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The reality of @ and b must also hold.

Since we are interested in closed string solutions, we should impose periodic boundary
conditions. Let us define the period in the o direction by
2K(k)vV1—2v2  2¢'K(q)v1—1? ol 27
H H n
which is equivalent to AX = 2K(q) and AT = —2vK(q). The periodicity conditions for
the AdS variables are written as

Ao =

, (A.33)

27TNt

At = 2K (q) {—iZ2(i@0) — vig} + 2Nfime ™ = , (A.34)
n
27w N,
A¢y = 2K (q) {~iZs(i@n) — vii} + (20 +1) 7 = % . (A.35)
And from the periodicity in ¢ direction, we have
l; _ ~
Y (A.36)

N T
We must further require the timelike winding N; to be zero. Just as in the R x S® case,
one can adjust the value of v to fulfill this requirement.?® The integer Niime 1S evaluated as

ol = /K ix 2 [1 og (LO({( — foO))] . (A.37)
21 J_k 0X @o(X + ZWQ)
Then, by solving the equation Ny = 0, one finds an appropriate value of v = v;. The
absolute value of the worldsheet boost parameter v; may possibly exceed one (the speed of
light). In such cases, we have to perform the 2D transformation 7 < o on the AdS space
to get vy — —1/v.
As usual, conserved charges are defined by

A
E= \/7_ & = n2\7/T_ 3 do Im (ng 0-n0) , (A.38)
S = \/_X S = n\/— do* Im (n} 0rm) , (A.39)
7'(' o )
A
J= % J = ”2[ do Tm (£} 0:€1) . (A.40)

which are evaluated as, for the current type (iii) case,

~ nC?%u o, [ sn?(idg) v sn(i@g)dn(idg
R [E e { e - o }K} (A1)
nC? iy 9 1 ivg? sn(i®y)en(idy)
S=————-FF |E-(1- — K A.42
(1 —q?) [ (1=a) { dn®(i@) W dn? (i) } ] ( )
j:n<a—vz§>K. (A.43)

BNote in R x S® case, the vanishing-N; condition was trivially solved by v = b/a.
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Figure 9: &2 — 0 limit of type (i) helical string becomes a folded string studied in [5§].

It is interesting to see some of the limiting behaviors of this type (zi7) helical string in
detail.?4

w1,2 — 0 limit: folded strings on AdS3 X S1. In the w1,2 — 0 the timelike winding
condition (A-34) requires v = 0, so the boosted worldsheet coordinates (T, X) become

(T, X) — <§ , *;_‘,’> = (jir, fio) = (7,5). (A.44)

The periodicity condition ([A.33) allows [ to take only a discrete set of values.
The profile of type (iii) strings now reduces to

1 P~ Ssn 5', ks . s ~
= g—=— "7, mzﬁe T, &i=exp (Z\/U—q27>, (A.45)

where &8 = U and = U+ 1 — ¢%>. This solution is equivalent to T-transformation
of (J1,.Jo) folded strings of [Bd], namely, (S,.J) folded strings.??> The conserved charges
of (|A.45) are computed as

N nﬁl
_1—q2

£="" K@), S

<E(q) -1~ qz)K(q)) , T=n\JU-¢K(qg). (A.46)

Rewriting these expressions in terms of the original imaginary modulus k, we find the

following relations among conserved charges :

as obtained in [57].

241t seems the original “spiky string” solution of E] is also contained in the type (ii7) class, although we
have not been able to reproduce it analytically.

% Note the set, 70,1 = the same as ([A.45) and & = exp[i\/U — ¢2 5], also gives a solution.
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g — 1 limit: logarithmic behavior. Another interesting limit is to send the elliptic
modulus ¢ to unity. In this limit, the spikes of the type (iii) string attach to the AdS
boundary, and the energy F and AdS spin S become divergent. Again, the condition of
vanishing timelike winding is fulfilled by v = 0, and the periodicity condition ([A.33) implies
that & given in (JA.44)) goes to infinity. The profile becomes

1o = C cosh(6—idg) €7, 5y = C'sinh(6—idy) €M7, & = exp (ia% + z’B&) , (A.48)

where

2

C = (cos? @ —sin &0)_1/2 , WR=ui=U. (A.49)

The constants @ and b satisfy the constraints
P+ =-140U,  ab= C* (i sindgcosdg + Gy sin@y cosy) . (A.50)
The conserved charges are computed as
£ =nC%q <A—sin2 o K(l)) . S=nC%y <A—0082 &1 K(l)) . J=naK(l), (A51)

where we defined a cut-off A = 1/(1 — ¢?).

Let us pay special attention to the 4y = @1 = \/5 case. For this case the energy-spin
relation reads

£-8=nVUK(Q). (A.52)

Obviously the r.h.s. is divergent, and careful examination reveals it is logarithmic in §.
This can be seen by first noticing, on one hand, that the complete elliptic integral of the
first kind K(¢q) = K(e™") has asymptotic behavior

e r
K(e™) = —3 In <§) +O(rlnr), (A.53)
while on the other, the degree of divergence for A is
1 1 1
A (asr—0). (A.54)

Tl 1o o

Since the most divergent part of S is governed by A rather than K(1), it follows that

Ke™) ~K([1—-71)~ —3 In < 165 > , (as r—0), (A.55)

at the leading order. Then it follows that

nVU . (168
~ S~ — 1 A.
E-S 5 n<n02a1> , (asr —0), (A.56)

as promised.

Let us consider the particular case U = 1, which is equivalent to @ = b = 0 and
@p = —w1 . The above dispersion relation (JA.50) now reduces to
A
E—S:n2—\/_ Ins, (A.57)
7T
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omitting the finite part. This result was first obtained in [EJ] for the n = 2 case, and
generalised to generic n case in [pg].

One can also reproduce the double logarithm behavior of [5f] (see also [F4, F9—F1)).
To see this, let us set b =0 and @ = /U — 1, and rewrite the relation (A.59) as

2
9 M7, 28
+—In* | ———=
4 <n C? \/E>
There are two limits of special interest. The “slow long string” limit of [B(], is reached by
VU < A, so that in the strong coupling regime A > 1 the r.h.s. of (A.58) becomes

1/2

—S=VI?*+n?K(1)? ~

(A.58)

2
£-S~ j2+%1n28. (A.59)

Similarly, the “fast long string” of [B(] is obtained by taking VU ~ X > 1, resulting in

2 S 2]1/2 2 S
T+ ”Z <ln <3> +1In (lnr)> ] ~a T2+ anQ <7> : (A.60)

where we neglected a term In (Inr) which is relatively less divergent in the limit » — 0.

E —

A.2.2 Type (iv) helical strings

Let us finally present another AdS helical solution which incorporates the SL(2) “(dyonic)
giant magnon” of [R1, P9|. This solution, which we call the type (iv) string, is obtained by
applying a shift X — X + iK'(k) to the type (i) helical string. Its profile is given by

C @0( ) @0( — Zu)o) 3 .

o = VE  Oo(iwg) 01(X) exp <ZO(W0)X + WOT) ; (A.61)
C 09(0)O3(X —iwy) ‘ .

m = NG 0 (wj) e )1 exp <Z3(2w1)X + zulT) , (A.62)

& =exp (taT + bX) . (A.63)

We omit displaying all the constraints among the parameters (they can be obtained in
a similar manner as in the type (i) case). The type (iv) solution corresponds to the

helical-wave solution given in (JA.1§), and satisfy the string equations of motion of the

form ([A.19).26

k — 1 limit: SL(2) “dyonic giant magnon”. The SL(2) “dyonic giant magnon” is
reproduced in the limit £k — 1, as

cosh(X — iwp) i(tan wo) X +iuoT COSWO  juyT aT+ibX A
— n = = 64
o sinh X ¢ M T Sinhx €  i=e ’ ( )
where 1
ud =l + oz (a,b) = (uy,tanwp) or (tanwp,u). (A.65)

26This can be easily checked by using a relation 1/k?sn?(z, k) = sn? (z +iK'(k), k) .
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Figure 10: k — 1 limit of type (iv) helical string (wo = 0.785, up = 141, u; = 0): “giant
magnon” solution in AdS space.

Due to the non-compactness of AdS space, the conserved charges are divergent. This is
a UV divergence, and we regularise it by the following prescription. First change the
integration range for the charges (see ([A.39) - (A.4Q)) from fOQI do to lefe do, with e > 0,

€
to obtain

E=mugcos’wy (7' —1) + K(1)(up — vtanwy), (A.66)
S = uy cos? wy (6_1 -1), (A.67)
J =K(1)(up —vtanwy), (A.68)

then drop the terms proportional to e~! by hand. This prescription yields a regularised
energy and an S° spin which are still IR divergent due to the non-compactness of the
worldsheet. However, their difference becomes finite, leading to the energy-spin relation

(€ = Treg = —\/ (S)2, + cos?wy . (A.69)

Note that in view of the AdS/CFT correspondence, £ — 7 must be positive, which in turn
implies (€ — J)reg is negative.

Let us take v = tanwp/ug in ([A.64), and consider a rotating frame 75" = e~y
Yy + iV5. We then find Y5 = —isinwy is independent of 7 and &, showing that the

“shadow” of the SL(2) “dyonic giant magnon” projected onto the Yy-Ys plane is just given

by two semi-infinite straight lines on the same line. Namely, the shadow is obtained by
removing a finite segment from an infinitely long line, where the two endpoints of the
segment are on the unit circle |ng| = 1 with angular difference At = 7 — 2wq. Figure [I(
shows the snapshot of the SL(2) “dyonic giant magnon”, projected onto the plane spanned
by (Remno, Imno, [m) .

It is interesting to compare this situation with the usual giant magnon on R x 2. In
the sphere case, the “shadow” of the giant magnon is just a straight line segment connecting
two endpoints on the equatorial circle |£1| = 1. So the “shadows” of SU(2) and SL(2) giant
magnons are just complementary. Using this picture of “shadows on the LLM plane”, one
can further discuss the “scattering” of two SL(2) “(dyonic) giant magnons” in the similar
manner as in the SU(2) case.
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These “shadow” pictures remind us of the corresponding finite-gap representations of
both solutions, resulting from the SU(2) and SL(2) spin-chain analyses. While in the SU(2)
case, a condensate cut, or a Bethe string, has finite length in the imaginary direction of
the complex spectral parameter plane, for the SL(2) case, they are given by two semi-
infinite lines in the same imaginary direction [21]. This complementary feature reflects the
structural symmetry between the BDS parts of S-matrices, Ssy(2) = SSTI}@) .

These “shadow” pictures also show up in matrix model context [4-R7]. In a reduced
matrix quantum mechanics setup obtained from A" =4 SYM on R x S3 | a “string-bit” con-
necting eigenvalues of background matrices forming %—BPS circular droplet can be viewed
as the shadow of the corresponding string. For the SU(2) sector, it is true even for the
boundstate (bound “string-bits”) case [26]. It would be interesting to investigate the SL(2)

case along similar lines of thoughts.

B. Useful formulae

This appendix provides some formulae useful for computation involving Jacobi elliptic

functions and elliptic integrals.

B.1 Elliptic functions and elliptic integrals near k = 1

The behavior of Jacobi elliptic functions around k = 1 is discussed below.?” We follow the
method of [@], where they computed asymptotics around k£ = 0.

Jacobi sn, cn and dn functions. The Jacobi sn function obeys an equation

sn(u,k) dt B1
u = . .
/0 V1—12y1 — k212 (B

Differentiating both sides with respect to k£, one finds

Osn(u, k) /Sn(“’k) kt? dt
—————= = —cn(u, k)dn(u, k ) B.2
Ok () ) 0 VI =2 (1 — k22)%/? (B2)
Taking the limit £ — 1 and substituting © = iw , we obtain
Jdsn(u, k) i (w —sinw cosw) ’ (B.3)
ok |, 2 cos? w

which is the first term in the expansion of the Jacobi sn function around £ =1.

The asymptotics of the Jacobi cn and dn functions can be determined by the relations

sn?(u, k) + en®(u, k) =1, dn?(u, k) + k?sn?(u, k) = 1. (B.4)

2"We make the elliptic moduli explicit in this section, and use the same conventions as [@]
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Jacobi zeta function. The Jacobi zeta function behaves around k£ =1 as

Zo(u,k =€ ") = tanhu + z2(u)
Inr

+rzi(u)+.... (B.5)

The functions z1(u) and z2(u) can be determined in the following way. The third term,
z1(u) , is calculated by the formula [63:

1}31311 K(k) (Zo(u, k) — tanhu) = —u, (B.6)

while the second term, z(u), can be determined by the relations

8ZO(U, k)
ou

= dn®(u, k) — %, (B.7)

and
Zo(u+v,k) — Zo(u, k) — Zo(v, k) = —k*sn(u, k) sn(v, k) sn(u + v, k) . (B.8)

Complete elliptic integrals. For actual use of the relations (B.§) and (B-7), we need
to know the asymptotics of complete ellitpic integrals. They are given by
. 1 3 1 .
K(e ):—ilnr+§ln2—1rlnr+o(rln ), (B.9)

1
E(e™)=1- §7°1n7° +o(rn™r), (B.10)

T

with m > 1. Changing the elliptic modulus from k to e™", the asymptotic behavior of

elliptic functions around r = 0 are given by

w — sinw cos w

jw,e ") =it —i O(r? B.11

sn(iw,e ") =itanw — ir 5 o2 +O(r), ( )
1 wsinw — sin? w cos w

jw,e ") = — o(r? B.12

en(iw, e™") cosw 2cos? w +007), ( )
. _ 1 wsinw + sin? w cos w

d " = — o(r? B.13

n(iw, e™) cosw 2cos? w +00), ( )

. wtsinwcosw 2w

Zp(iw,e”") = itanw — ir +0(r?). (B.14)

2cos? w + Inr
B.2 Moduli transformations

We collect some formulae for SL(2,7Z) transformations acting on elliptic functions.

Elliptic theta functions transform under the T-transformation as

Yo(z|m + 1) = Is(z[7), D1(z|7 + 1) = ™/ 91 (2]7), (B.15)
Vg(z|7 + 1) = €™/ ¥y(2|7) , Us(z|T + 1) = Jo(z|7), (B.16)

and complete elliptic integrals with ¢ > 0 transform as

K(q) = K¥K(k), K'(q) =K (K'(k) — iK(k)) , E(q) = E(k)/K . (B.17)
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Jacobian theta functions, defined by

O, (2, k) = 0, <2KZ(I<:)’ = ZE&’?) . (v=0,1,2,3) (B.18)

transform as
Oo(z|T + 1) = O3(2/K|7), O1(zr +1) = ™40, (2/K|7), (B.19)
(2|7 +1) = ™4 Oy (2/K|1), O3(z|T + 1) = Og(2/K'|7), (B.20)

and Jacobian zeta functions defined by Z,(z,k) = 0. 1n0,(z, k) transform as

Zo(z|T +1) = Z3(2/K'|7) /K, Zy(2|T +1) = Zy(z /K |7) /K, (B.21)
Za(z|T + 1) = Zy(2 /K |T) /K, Z3(z|T + 1) = Zo(2/K|7) /K. (B.22)

Therefore, the T-transformation acts on the elliptic modulus k as

0,007 +1)\*  [©0507)\* ik
_ (S20Im+ D" _ B.23
o= (Sarm) ~iemm) ~F (:23)
= (SO + D\ (030 \* _ 1 (B.24)
-\ O3(0[7+1) O0(0|7) K )
In terms of the modulus ¢ defined in (JA.23), the Jacobian sn, cn and dn functions are
written as
_ o sn(z/K k)
Sn(Z’Q) - k dn(Z/k:/,k) 9
_cn(z/K k)
CD(Z’ Q) - dn(z/k/’ k) 9 (B'25)
1
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